Chiral Anomaly Beyond Lorentz Invariance 



Paola AriasQ 

Departamento de Fisica, Universidad de Santiago de Chile, Casilla 307, Santiago, Chile 

H. FalomiiQ 

IFLP - Departamento de Fisica, Facultad de Ciencias Exactas, 
Universidad Nacional de la Plata, C.C. 67, (1900) La Plata, Argentina 

J. GamboiS and F. Mendeil 

Departamento de Fisica, Universidad de Santiago de Chile, Casilla 307, Santiago, Chile 



o 
o 

(N 

1—5 

in 



CD 



> 
m 

(N 
rn 

o 
o 



X 



F. A. Schaposni]<0 
IFLP - Departamento de Fisica, Facultad de Ciencias Exactas, 
Universidad Nacional de la Plata, C.C. 67, (1900) La Plata, Argentina 
CEFIMAS-SCA, Ave. Santa Fe 1145, C1059ABF, Buenos Aires, Argentina 

The chiral anomaly in the context of an extended standard model with Lorentz invariance violation 
is studied. Taking into account bounds from measurements of the speed of light, we argue that the 
chiral anomaly and its consequences are general results valid even beyond the relativistic symmetry. 



I. INTRODUCTION 

Lorentz invariance is a cornerstone of relativistic Quan- 
tum Field Theory j|. However, in the last years many 
authors have argued that at very high energy some sym- 
metries, such as Lorentz and CPT, could be broken and, 
therefore, new scenarios and physical processes could 
take place [i,i,iSi,01- 

Notice that Minkowski space and its isometrics, the 
Lorentz transformations, should arise from a low energy 
solution of string theory. Therefore, it is a legitimate 
question to ask about a possible relic of this origin in 
a QFT at high energies. 

However, even if a foremost invariance as the Lorentz 
one could be broken, one should expect that some impor- 
tant features and properties of quantum field theory are 
preserved, as well as the stability of some related phe- 
nomena. 

In the context of a relativistic QFT with gauge fields 
and fermions, the chiral anomaly is related, as it is well 
known, to a topological object and is thus independent of 
the energy scale. This suggests that its form could be pre- 
served even if Lorentz and CPT symmetries were broken 
and, in particular, the vr" 27 decay as derived from 
the chiral anomaly should be unaffected at any energy 
scale. So, it is worthwhile to consider this possibility in 
the framework of a quantum field theory model with an 
explicit Lorentz and/or CPT symmetry breaking. 

The purpose of this note is to analyze the fate of the 
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chiral anomaly in a model with an explicit Lorentz sym- 
metry breaking and to explore, in connection with this, 
whether its role in connection with the tt*^ — > 27 process 
is affected. 



II. A LORENTZ SYMMETRY VIOLATING 
MODEL FOR FERMIONS 

Let us start by considering the d — A dimensional La- 
grangian [1] 



C = ^, 



(1) 



where A,, 



- (Ai = 0,1,2,3; a = 1, 2, . . . , dim^) 

are gauge fields taking values in the Lie algebra of some 
gauge group G with generators Ta. Dirac fermions V'q are 
taken in the fundamental representation of G and is 
the usual covariant derivative. Concerning matrices P'^, 
they can in general take the form 



P'' = Y 



^ CPTV ■ 



(2) 
and 



Here 7'^ are the usual Dirac matrices while P^^. 
^CPTV ^-""^ matrices which introduce violation of Lorentz 
and Lorentz-CPT symmetries respectively. They are de- 
fined as 



^ LV 
^ CPTV 



(3) 



where c^^,d^^,e^, and t;^'''^ are real constants to be, 
in principle, phenomenologically determined. 

But, if the theory is required to be invariant under 
(global) chiral transformations of the fermionic field at 
the classical level, then the CPT violating terms must be 
removed since 



{15t^CPTV 



}^0. 



(4) 
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So, we will take =0, f^' = and gf""^ = 0. 

On the other hand, although the matrices formally 
play the role of Dirac matrices, they do not satisfy in prin- 
ciple the standard Clifford algebra. Indeed, if we write 



where 

it is straightforward to get 

{r^r-} = (o;^,^-^^ - d^^d-p) + 



(5) 
(6) 

(7) 



Then, if (in order to get a Clifford algebra for the F- 
matrices) we demand the last term in the right hand side 
not to be present, we must impose that 



{co^^d'-p - - (a 



/3" a 



(8) 



Multiplying by (uj 



(notice that uj^^ is invertible. 



since we are looking for small LIV) we get 



OJ 



whose general solution is 



/3 



/3 



(9) 



(10) 



with Q a constant. 

Consequently, we restrict our attention to this minimal 
Lorentz invariance violation, preserving chiral symmetry 
at the classical level and the form of the Clifford algebra, 
and take 

r'^=<7''(i4 + Q75) . (11) 

Notice that 

{r^r''}± = (l-Q2).;V^{7",7''}± , (12) 

where we have taken <C 1 since we shall consider small 
deviations from Lorentz invariance. 

Therefore, the chosen set of F-matrices does fulfill the 
relations 



{^^75} = 0, 

where M^^ is a metric like object defined as 



(13) 
(14) 



(15) 



where ^l^^ = uj^^ ~ and rf^ is the standard met- 
ric in Minkowski space. 



Notice that, since we are only interested in Lorentz vi- 
olation effects in the fermion sector, we are also omitting 
a possible LIV term in the photon sector given by [9| 

(KF)feAM.i^'=^F'"'. 

We shall present in the next section a derivation of the 
chiral anomaly for a quantum field theory in which the 
Fermi fields dynamics is governed by the Lorentz violat- 
ing fermion Lagrangian in Eq. ([T]), testing whether the 
index theorem is still valid. We shall then see that nei- 
ther the anomaly (Eq. nor the the index theorem 
(Eq. (|57p l are affected by the minimal Lorentz symmetry 
violation introduced in . Only the axial current is 
changed into 



j-^ = <(j5+Qr), 



(16) 



where j'5 is the axial vector current arising in the ordinary 
Lorentz invariant case, = il)q^^^^'\liq^ and = ''Pql^i^q 
is the vector current. 

Before doing this, we shall discuss the situation from 
a more phenomenological point of view. To start up, let 
us assume that c^^^ has only one non-zero component, 
namely c^g = k. With this, rotational invariance is pre- 
served and then 



ro = (i + cV7°(i4 + Q75) 
p = 7^14 + ^75) , 



(17) 



and 



= (1 - Q^) diag ((1 + n)\ -1, -1, -l) . (18) 

When replaced in the modified Dirac equation following 
from Lagrangian ([T]), this leads to the (free) dispersion 
relation 



= 1- 



(19) 



with po = E/c, where c is the standard value of the 
velocity of light used here to set the length scale. Eq. (fT9)) 
implies that massless fermions ipq move with velocity Vq 
given by 



(20) 



1 + K 



(with no dependence on the parameter Q). 

Eq.([^Dl) of course implies new physics, in the vein of 
(To|-jll| (see [T2j for a complete list of references). Let 
us advance, however, that the results in the next section 
show that the minimal Lorentz invariance violation in- 
troduced here does not induce modifications in the form 
of the chiral anomaly. Nevertheless, it could imply mod- 
ifications in the calculation of physical observables. 

We shall now contrast our results with experiment by 
considering, in a Lorentz violating invariance framework. 
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FIG. 1: Feynman diagram for pion decay. 
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Atomic Physics 
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Neutrino Sector 


^0-19 




GZK cutoff (theoretical) 
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TABLE I: Bounds on Sc given by different Lorentz invariance 
violation tests. 



the celebrated 7r° 2j process [H, [T3] , directly related 
to chiral anomaly. In particular, let us analyze whether a 
departure from the usual chiral anomaly takes place by 
assuming that a formula similar to (PO)) (obtained for the 
case of massless fermions) also holds for photons. This 
can be justified as follows. In the present Lorentz in- 
variance violating framework, one can relate the velocity 
of the photons with that of fermions in a given vertex 
through the formula 



Cph = noVq 



where we have defined 



no 



Eph 

"e7 



(21) 



(22) 



with Epfi and Eg the energies of photons and fermions 
respectively 

Formula ([2T|) can be obtained by cutting the standard 
triangle diagram (see fig. [1]) and using the 4-momentum 
conservation law for the process tt'^ — > 2j. Doing this one 
has 



E„ 



and therefore 



.P 



En + Efr 



P = 2 



^Eph 



Cph 



(23) 



(24) 



Since we are assuming that CPT invariance is con- 
served, Eq = Eq and then Eq. (|2T|) follows. 

We shall consider the case in which the photon velocity 
Cph does not exceed that of the neutral pion w^o (in the 
case Cph > Vt^o the decay is kinematically forbidden [ll|). 
Also, interpreting no in Eq. ((2T|) as a refraction index, it 
is natural to take no ~ 1 in empty space. With all this, 
the off-mass-shell decay amplitude in the chiral limit is 



One can now estimate the ratio Tfl/TL/y, with the 
relativistic rate of decay, using the bounds for k discussed 
in the literature. The comparison between the Lorentz 
violating invariance scheme and the relativistic one yields 
to 



(T) 



1 « 6k. 



LIV 



(26) 



In order to estimate the right hand side in ((26)) let us 
introduce 5c through the equation 



5c = c 



^ph 



(27) 



where c is the standard value of light velocity. Different 
experimental and phenomenological tests show the small- 
ness of bounds on 5c (see Table ). Using (PD)) - (PT|) we can 
write 

noc 



5c = c — 



5c 



5c 



1 



(28) 



(29) 



where we have again used no ~ 1. Bounds on 5c/ c can 
then be translated into bounds on k. 

We see that the smallness of the bounds implies, at 
very high energy, that the chiral anomaly effects are ef- 
fectively the same as in the relativistic invariant case. 
Indeed, one has that {T)liv /{T)r — 1 takes values be- 
tween 10~^ — 10^^^ and, therefore, Lorentz invariance 
deviations are experimentally almost unattainable. 

Therefore, the changes in the decay 7r° — > 27 are ex- 
tremely small, which is consistent with the universal char- 
acter of the chiral anomaly. 

One should note, however, that this conclusion could 
change drastically if the other terms not considered in our 
analysis are included. However, if we invoke the universal 
character of the anomaly then our assumption (|lip is 
reasonably justified. 



(r(7r" ^ 27) 



LIV 



64^3 y 

^.2 



n^'T^ph 



^ 2 6 



64^3 V /W (1 + 



(25) 



III. THE CHIRAL ANOMALY AND THE 
INDEX THEOREM 

Let us consider an Hermitian Dirac operator that in- 
cludes a minimal Lorentz symmetry violation as dis- 
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cussed in the previous Section, 

D,n = D + m, with D = T>'D^ , 

where 

d 



A,. 



(30) 



(31) 



is the usual covariant derivative and the matrices are 
given in Eqs. pT|) and ©. A small mass m has been 
introduced in order to deal with zero modes. At the end 
of the calculation one should take the m — > limit in a 
consistent way jl6j. 

The F-matrices, depending on the constant tensor c^^^ 
and the parameter Q which breaks Lorentz symmetry, 
satisfy the Clifford algebra in Eq. (|13p and anticommute 
with 75 as in Eq. (|14p. Their (anti)commutator is given 
in Eq. Uni). 

In order to to analyze the issue of chiral symmetry we 
follow the Noether method starting from a U{1) local 
chiral transformation, 

i;{x) -> e*"(^)^''>V'(a;) , ^{x) -> 7/i(a;)e'"(^)''= , (32) 

The fermionic Lagrangian changes as 

C = i;{x)Dm^{x) '(/i(a;)e*"(^)T's A«e"(^)''sV(2:) = 
= C + ^{x) {ia{x)j5,D^} ijix) + 0(a2) . 

(33) 

The first order in a on the right hand side reduces, up to 
a total divergence, to 



6C = ip{x) {ia{x)^5,D,n} ipix) = 

= aix) (d^ J^^ix) + 2tm4>{x)j5^{x)) , 

where the axial current is now given in Eq. (|16p . 
Let us now consider the functional integral 



(34) 



Z = 



Being the Jacobian ill-defined (the Dirac operator 
eigenvalues grow with no bound), one should introduce 
an appropriate regularization (i?). We use a heat- kernel 
regularization so that, up to 0{o?) terms, we have 

log JH = (Trlog (An + {m(a;)75, Z?™}) - Trlogl?™)!^? 



2m-(a(x)75)|fl 



2i lim Tr a(x)^ze 

A^oo 



2zlim /d^xy^^j tr(a(x)75 g-^'^-^e-^ e'"-^) , 

(37) 



where 



An' - UM^'^D^D, + - [r^ r"] F^, + 0(to) . (38) 
A straightforward calculation taking into account that 
tr{75 r,r^]} = f7^„r!''^tr{75 [7", 7^]} = (39) 
and tr {75} = leads to 



log J [a] 



16 J " (27r)4 

tr(a(x)75 [^^n [r",r^]F^.i^„^) 



X J d^xtr (a(a;)75 [7^ 7l [7", 7""] F^^^F^p), 

(40) 



up to 0(m) terms. 
Using 



\757 7 7 7 ] = 



(41) 



one gets 



(35) 



where 



J[c 



Det (e*"(^)'>'^i:»™e*"(^)^5) 



167r2 



d^x tr {a{x) e'^-^'^'^F^.F^p) 



Det D„ 

j4 /„\ /fl ^p. 



= 1- J d^xa{x){d^J^{x)) 
- 2im[d'^xa{x){^l){x)j5'ip{x)) +0{a^) (36) 



X (detAf)~^/'det(f7) 



(42) 



Finally, taking into account Eq. (|T5)) one can see that all 
dependence on il^^ cancels out in the Jacobian, 



is the Jacobian [l7|, [l8| arising from the change in the 
fermionic measure under rotation 



log JH = 



167r2 



d*x aix) F;:^ Flp t^-^f' tr (Ta%) 

(43) 
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so that, after use of Eq. ([36)) . one can write 
^tr J d^x a{x)F,,, F^p e^-^"^ 

= / d^xa{x){d^J^{x)) 



+ lim 2im / d x a{x) {tp{x)j5ip{x)) . 

m— ►O J 

(44) 

Differentiating with respect to a one obtains the U{1) 
anomaly equation in the form 

{df,Ji'{x))+ hm 2im{'4i{x)j5i){x)) 



■tTiF^4x)F^0{x))e^'"'^ .(Ab) 



Notice that the right hand side of this equation is insen- 
sitive to the Lorentz symmetry breaking introduced by 
the tensor c^^^ and the parameter Q. 

Let us now consider the contribution of the zero modes. 
The mean value of 'ip{x)^5ip{x) is given by 

{^{x)-f5ll!{x)) 



(46) 

Let be the eigenvectors of Z?, 

Dipn = 17„(/?„ An'/'ri = {^n + m)ipn , (47) 

with 

(y9„(a;) Vm(2;) c?''^; = (5„,m . (48) 

Some of them can be zero modes of D. Since {75, F^} = 0, 
one can always choose these zero modes with a definite 
chirality, 

(49) 

with 



(50) 



The integration variables in the functional integral can 
be expanded as 



(51) 



and the integration measure be written as 

Vi}V^ = dc„ (ic„ . (52) 



Therefore, 

(V;(x)75-0(a;)) 



a;) 75</'9(a;)cg 



^<y9p(a;)S5¥'p(a;) 



since 



(rip + m) ' 
z = '[[{nn + m). 

n 

Consequently, 

lim 2im( 4}{x)^5ip{x) 2i v'fe(x)'^75(^fc(a;) 



(53) 



(54) 



\fe=l 



(55) 



where n+ (fi-) is the number of positive (negative) chi- 
rality zero modes. 

Now, with this result one can integrate over space on 
both sides of Eq. ((45|l to obtain 

fc=l k=l 



d'xtr{F'^Jx)F^0{x)} e^'^'^P , 



327r2 



(56) 

where we have discarded the contribution of the total 
divergence of . Eq. (l56p can be written in the form 



1 



327r2 



d^xtr{F,,{x)F^p{x)]t^''^P , (57) 



which is nothing but the index theorem for the Dirac 
operator D. 

Then, neither the anomaly (Eq. ([45]) ) nor the index 
theorem (Eq. (j57p ) are affected by this minimal Lorentz 
symmetry violation. Only the expression of the axial cur- 
rent Ji^ is changed as in Eq. (fTB)) . 

Let us end this section by noting that an investiga- 
tion on the relation between Lorentz violation and vec- 
tor models with a Wess-Zumino term which can be con- 
nected with models containing chiral fermions has been 
reported in (2^ . In that case a dynamical Lorentz viola- 
tion is described as the nonperturbative counterpart of 
perturbative unitarity breaking in chiral gauge theories 
due to gauge anomalies. 
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IV. SUMMARY AND DISCUSSION 

In this work we explored the fate of the chiral anomaly 
in a fermionic model in which the Lorentz symmetry is 
explicitly broken by terms which preserve chiral symme- 
try at the classical level and the form of the Clifford alge- 
bra satisfied by the matrices replacing Dirac matrices 
in the Lorentz invariance violating fermionic Lagrangian. 

On rotational invariance grounds, only the c°o compo- 
nent was taken as non- vanishing in Eq. (|I7p . so that the 
energy-momentum relation is changed in the sense that 
each particle has a maximum attainable velocity (see eqs. 
(fT9|l - (|20p ) which depends only on the dimensionless pa- 
rameter K (and is independent of the parameter Q). 

Now, in view of the connection, through the Dirac op- 
erator index, between the anomaly and a topological ob- 
ject (the Chern-Pontryagin index) one should expect that 
the anomaly itself as well as its physical implications (like 
those related to the 7r° — > 27 decay) remain unaltered. 

Concerning the anomaly, we have shown, within the 
path-integral approach and using a heat-kernel regular- 
ization, that the Fujikawa Jacobian is not modified. This 
result was obtained by regularizing the path integral mea- 
sure with the same operator that plays the role of the 
Dirac operator in the classical action, namely that with 
a minimal Lorentz violation that classically preserves chi- 
ral invariance. 

Moreover, the Noether method yields to an anomaly 
equation for the chiral current that is formally the same 
as in the Lorentz invariant case, except that the diver- 
gence term contains the modified axial current (jl6p . How- 
ever, since the contribution of such term vanishes when 
integrated over all space, the index theorem equation re- 
mains unaltered. 

We have also discussed within a Lorentz violating 
framework, the issue of the 7r° — > 27 decay, which is con- 
nected to the chiral anomaly. 

Since the adopted Lorentz symmetry breaking im- 
plies different velocities for different massless particles, 
fermion velocities in the triangle diagram differ from the 
photon one (Eqs. (|20j|2ip ). Then, the n° decay amplitude 
in the chiral limit is modified and the change is propor- 
tional to K (Eq. (|26p ). a parameter controlling Lorentz 
violation. Now, different experimental and phenomeno- 
logical tests show the smallness of k so that changes in 
the 7r° — > 27 cannot be detected. However if other effects 
such as addition of CPT violating terms were considered, 
the form of the chiral anomaly could be affected and ex- 
perimental consequences in processes as that of the tt*^ 
decay could become detectable. 
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